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Flux balance analysis (FBA) is a linear programming-based framework widely used to predict the behav-
ior, in terms of the resulting flux distribution, of cellular organisms in different media. FBA models are
constructed using only stoichiometric information, and for this reason they sometimes fail in predicting
fluxes precisely. In this work, we formally define the concept of hybrid FBA/kinetic models, in which
kinetic information of key processes is used to tighten the search space of standalone FBA formulations,
thereby enhancing their predictive capabilities. This approach leads to non-linear non-convex models

ﬁggﬁ;ﬁ engineering that may exhibit multiple local optima. To solve them to global optimality, we use a customized outer-
FBA approximation algorithm that exploits the structure of the kinetic equations. Numerical results show
GMA that our method enhances the quality of standalone FBA models, providing more accurate predictions.
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Kinetic models

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Metabolic networks are controlled by means of non-obvious
combinations of metabolic and hierarchical regulations which are
hard to understand just by visual inspection of the system. Mathe-
matical models can be used in combination with other techniques
such as optimization in order to elucidate the gears behind these
biological mechanisms.

Methods available for the analysis of metabolic systems are
generally based on (i) kinetic data or (ii) structural and stoichio-
metric modeling (Tomar and De, 2013). Kinetic models differ in
the enzyme kinetic rate law they adopt, which is typically a func-
tion of certain kinetic parameters and reactant concentrations
(both of which determine how fast the reaction will progress).
Michaelis—-Menten and General Mass Action (GMA) models are
among the most popular kinetic formulations (Alves et al., 2008a,b).

Under the structural and stoichiometric modeling, we find the
so-called network-based and constraint-based approaches. The lat-
ter include the most popular approach used in the analysis of
metabolic networks (i.e., flux balance analysis, FBA). FBA, which
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was pioneered by Papoutsakis (1984) and later expanded by Pals-
son and co-workers (Varma and Palsson, 1994a,b; Schilling et al.,
1999, 2000), is based on principles of constraints analysis. FBA
makes quantitative predictions about fluxes of metabolic networks
based on steady-state mass balance constraints and without relying
on any type of kinetic information.

FBA models are typically under-determined, that is, the num-
ber of variables exceeds the number of equations, so there are an
infinite number of feasible solutions satisfying the mass balance
constraints. The key idea in FBA is to solve an optimization prob-
lem in which a biological objective function is optimized subject
to the network stoichiometry (i.e., mass balances). Hence, among
the infinite number of feasible solutions to the mass balance con-
straints, the goal is to identify the one that optimizes a biological
criterion that reflects the cell’s behavior. This leads to a linear
programming (LP) formulation, which can be efficiently solved
by well-known methods. Hence, FBA works under the hypoth-
esis that evolution results in selecting the cell’s machinery that
provides a (quasi)optimum response for one or several physiologi-
cal constraints. Typical objective functions include maximizing the
biomass growth (Orth et al., 2010), the synthesis rate of a particular
product (Kauffman et al., 2003), or minimizing the ATP consump-
tion. In practice, rather than calculating and predicting precisely the
metabolic network behavior, FBA aims to narrow down the range of
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all possible phenotypes (i.e., feasible space) that a metabolic system
can display (Palsson, 2000).

The simplicity given by the linear nature of FBA is one of its main
advantages, as it facilitates its application to genome-wide scale
models of microorganisms (Edwards and Palsson, 2000), and more
recently also to plants (Poolman et al., 2009; de Oliveira Dal’'Molin
et al., 2010). As an example, FBA has been used for elucidating the
flux modifications that are required in Escherichia coli strains in
order toincrease the ethanol production under different conditions.
Recent work has employed as well FBA models to address cutting
edge research questions ranging from understanding the dynamics
of microbial communities to predicting perturbations according to
complex metabolic engineering objectives (Chaganti et al., 2011).

Despite these advances, there are still cases in which FBA pro-
vides poor in silico predictions of the cellular behavior observed
in vivo (Edwards et al., 2002). This is partly due to the fact that FBA
focuses only on metabolic fluxes and neglects both, the regulatory
effects within a metabolic network and the concentrations of key
metabolites. Several attempts have been made recently for improv-
ing the quality of FBA models. Some authors have proposed to
incorporate additional knowledge based on flux capacities and/or
thermodynamics into FBA models (Price et al., 2004; Orth et al.,
2010). Constraint-based formulations that add transcriptional reg-
ulatory constraints for certain conditions have also been proposed
to achieve the same goal (Covert et al., 2004; Chandrasekaran and
Price, 2010; Shlomi et al., 2007). In addition, physico-chemical
constraints have been included in FBA models with the aim of
improving their predicting capabilities (Price et al., 2003).

A promising path to enhance the quality of FBA predictions con-
sists of incorporating kinetic information of key velocities into the
model. Unfortunately, kinetic models of metabolism require inten-
sive data that are difficult to obtain. Following this approach, Lee
and Voit (2010) combined FBA models with GMA formulations for
analyzing the monolignol biosynthetic pathway in Populus xylem.
The resulting models were solved by means of the Indifrect Opti-
mization Method (IOM, see Torres et al., 1997), which relies on
transforming a given GMA formulation into an approximated S-
System model with the aim of carrying a linear optimization of
the problem. As stated by the authors, the main drawback of this
strategy is that the solution to the S-system model may not be
globally optimal in the original one. Because of this, unstable solu-
tions might be detected as optimal. More recently, Cotten and Reed
(2013) estimated kinetic parameters in a simplified kinetic model
of central E. coli metabolism integrating fluxomic, proteomic, and
metabolomics data. Then this model was used to obtain lower and
upper bounds which were imposed on fluxes in a FBA model. None
of these works addresses the global optimization of FBA models
where kinetic rate laws are explicitly included in the formulation.
Note that the introduction of kinetic expressions leads to non-linear
non-convex models that are more difficult to handle. Losing the nice
linear properties of LP is therefore the price to pay for increasing
the accuracy of the predictions.

In this work, we formally introduce the concept of hybrid
kinetic/FBA models that combine stoichiometric and kinetic equa-
tions of selected key processes. These kinetic constraints help
brush up stoichiometric predictions by incorporating key regula-
tory information. Hybrid models lead to non-convex formulations
that can show several local optima in which standard optimi-
zers might get trapped during the search. Hence, besides formally
defining the concept of hybrid model, we introduce a tailored
outer-approximation algorithm to solve them that guarantees con-
vergence to the global optimum within an epsilon tolerance. We
illustrate the capabilities of our strategy through its application
to a FBA model of Saccharomyces cerevisiae, in which we progres-
sively tighten the search space by adding kinetic information of key
velocities.

2. Standalone FBA models

FBA predicts intracellular fluxes using stoichiometric informa-
tion. In a metabolic network, the concentration of the internal
metabolites X can be obtained from the fluxes v produc-
ing/depleting them and their corresponding stoichiometric matrix
S, as described by Eq. (1).

X=S.v=0 (1)

The assumption of steady state conditions in Eq. (1) is relevant
for most intracellular reactions since they are typically much faster
than the rate of change in the resultant cellular phenotypes, such
as cell growth and process dynamics (Varma and Palsson, 1994a,b).

The system of equationsin Eq.(1)isin general underdetermined,
that is, there is an infinite number of solutions satisfying it. Among
them, FBA identifies the solution of an optimization problem whose
constraints are given by Eq. (1), and whose objective function (f)
depends on the particular application addressed. This leads to an
LP problem of the following form:

(FBA) min f
st. X=S.-v=0
VB <y < yUB (2)
ve Rt

where v and vVB are lower and upper bounds imposed on the
velocities, respectively. The problem given by Eq. (2) can be effi-
ciently solved by means of well-known LP techniques. At this point,
it is important to distinguish between the standard FBA approach,
which aims to predict fluxes assuming a biological objective func-
tion driving the cell’s machinery, and FBA models employed for
computing optimal enzymatic modulations for microbial strain
optimization. This latter application of FBA leads to MILP formu-
lations, for instance when a limit is imposed on the number of
enzymes which can be simultaneously modified. Other cases in
which MILP formulations arise are those in which binary variables
are used to model knock-out alternatives. In some cases, these
MILPs are formulated in the context of a bi-level optimization prob-
lem, with outer and inner problems denoting the bioengineering
objective and the biological objective, respectively. Hence, in this
work, we will refer to the basic FBA formulation. Note, however,
that our general approach can be easily extended in order to deal
with FBA-based MILP models as well.

The polyhedral feasible region defined by the mass balance con-
straints tends to be very large, and this might result in inaccurate
predictions. Hence, after solving the model optimizing a plausi-
ble biological objective (typically, biomass growth rate), we expect
that the fluxes calculated in silico through linear programming will
be as close as possible to the true fluxes found in vivo. In practice,
both sets of values will differ, and several objective functions and/or
additional constraints can then be tested for obtaining better pre-
dictions.

Particularly, FBA-based predictions can be enhanced through
additional constraints that remove solutions violating basic phys-
ical principles. Thermodynamic constraints, for instance, ensure
that a reaction is consistent with metabolite concentrations and
Gibbs free energy of reaction (Pharkya and Maranas, 2006). In this
paper we use instead kinetic and regulatory information to tighten
the search space of FBA models (Pharkya and Maranas, 2006).

3. Hybrid FBA/kinetic models

As a first step toward the construction of genome-scale kinetic
models, we present here a methodology that allows incorporat-
ing kinetic information into FBA models using the power-law
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Fig. 1. The standalone consideration of the stoichiometric matrix of the metabolic network gives rise to a standard FBA model. Hybrid models of increasing predicting
capabilities and complexity can be built by adding from one to several kinetic equations to the problem formulation (for instance one kinetic equation in Hybrid model i, two
in Hybrid models k and j, and five in Hybrid model [). In the extreme case, all the kinetics are embedded and the model is equivalent to a full kinetic model (GMA model in

this particular case where power-law equations are used).

formalism and global optimization methods. We describe first how
to build a hybrid FBA model that contains kinetic equations based
on the power-law formalism. We then discuss how we can globally
optimize this model via a customized outer-approximation algo-
rithm. Hence, we start from a standard FBA model of the following
form:

(MFBA) min f
X=S-v=0

I}LB <v< VUB

s.t.
vent

where fis an objective function (e.g. biomass growth, the synthesis
rate of a particular product, ATP consumption) and where the fea-
sible space is defined by the steady-state mass balance equations
and a set of lower and upper bounds imposed on the velocities. The
next step is to introduce kinetic equations that allow determining
the velocity v, of flux r from the concentration of those metabolites
affecting such velocity. Without loss of generality, we use here the
so-called power-law formalism, which is a general kinetic approach
to model reaction rates that facilitates the modeling of metabolic
networks (Alves et al., 2008b). The use of this formalism is rather
convenient, since it adequately captures the non-linear behavior
of metabolic regulations while yet exhibiting useful mathemat-
ical properties such as linearity in the logarithmic space. In this
formalism, each velocity is described as follows:

n+m

vrzyrH)qrf r=1,...,p
j=1

In this equation, y; is the apparent rate-constant of the enzyme
ruling process r and f;; is the Kinetic order of metabolite j in this
process.

The inclusion of kinetic equations into the standalone FBA leads
to the following non-convex NLP formulation:

(5)

XLBSXSXUB

v, X ent

Note that this formulation can be extended to address realis-
tic metabolic engineering problems by introducing continuous and
binary variables, thus leading to MINLP models (see Appendix A).

The main difference between this model and a traditional FBA
model is the incorporation of kinetic equations based on the power-
law formalism. Besides, this hybrid model allows constraining the
concentrations of metabolites within realistic lower and upper lim-
its X! and XUB, respectively. These constraints, in turn, introduce
flux limitations through the kinetic equations. The specific effects
attached to saturation, cooperativity, and the kinetic properties are
here made explicit through the kinetic equation and its parameters.
In a more elaborated extension of our approach, parameter bound-
aries may be introduced. However, this would require sophisticated
computational improvements due to the non-linearities associated
to the kinetic function.

Complete hybrid models would require a bunch of kinetic data
that is typically hard to obtain. In addition, they lead to large-scale
non-convex NLPs with potential multiple local optima. To over-
come these limitations, we propose to include kinetic equations
for a subset of reactions only. As we will show later in the article,
by doing so we can generate a set of hybrid models of increasing
complexity and with different predictive capabilities (see Fig. 1).
In practice, introduction of few kinetic equations may dramatically
improve predictions.
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constructed by relaxing the original model using piecewise envelopes and hyper-
planes, that provides a lower bound, and a slave NLP that yields an upper bound. The
algorithm iterates between these two levels until a termination criterion is satisfied.

Thus, following this approach, we define kinetic equations for
only a subset VK of velocities. The resulting optimization problem
is as follows:

(MHFBA) min f
s.t. S.v=0

n+m

XLB SX SXUB
v, X ent

The resulting model is a non-convex NLP where non-convexities
are given by the power-law equations (i.e., non-linear equality con-
straints). To solve this non-convex NLP, we use a customized outer
approximation-based algorithm introduced in a previous work
(Pozo et al., 2010).

Fig. 2 illustrates the main idea of this algorithm, which decom-
poses the original problem (Eq. (6)) into two sub-problems at
different hierarchical levels: an upper level master mixed-integer
linear programming (MILP) problem, and a lower level slave non-
linear (NLP) problem. The master level solves an MILP that is a
relaxation of the original non-convex NLP. This MILP predicts a valid
lower bound on the global optimum (when minimizing, the solu-
tion of the relaxation will be, at least, as good as that of the original
problem). In the lower level, the original problem is locally opti-
mized, thereby providing a valid upper bound (when minimizing)
on the global optimum. These two subproblems are solved itera-
tively until the optimality gap is reduced below a given tolerance.
Further details on this approach can be found in (Pozo et al., 2010).

Note that our outer approximation algorithm allows build-
ing linear relaxations of the original model of increasing quality
and complexity. This leads to a set of hybrid linear FBA/kinetic
models in which the kinetic equations are replaced by linear under-
estimators. Starting from the FBA, we can generate a set of hybrid

.

25

35-5 T il _ g
30t E ‘ ’ T 1

1 2 3 4 5 6 7 8 9
VK|

Fig. 3. Box plot of P. for the different cases each with a given number of kinetic
equations incorporated.

non-linear models, in which some velocities are modeled using
kinetic equations. Each of these models can be solved to global
optimality using our customized outer-approximation algorithm.
Note that the outer-approximation algorithm exploits the par-
ticular structure of the kinetic formalism (i.e., GMA equations), and
for this reason outperforms standard global optimization software
packages (i.e., BARON), as was shown in a previous publication
(Pozo et al., 2010). We emphasize here that hybrid models can be
solved by any type of suitable global optimization package. Hence,
our approach is not restricted to the use of the outer approxi-
mation algorithm. Global optimization is a growing field that is
evolving rapidly (Misener and Floudas, 2012; Zorn and Sahinidis,
2014). Hence, our general approach will benefit from the future
theoretical and computational developments made in the area.

4. Quality of in silico predictions using hybrid models

Adding kinetic equations into a FBA model will likely result in an
improvement of its predictive capabilities. We introduce a metric to
quantify the quality of a prediction made by a model c. This metric,
that we call predictive indicator and denote by P., measures the
size of the search space within which a feasible solution must fall.
Larger search spaces will result in worst predictions, so we look
for very tight search spaces, which in the limit correspond to one
single point obtained by solving the fully kinetic model.

To calculate this quality metric, we proceed as follows. We first
maximize and minimize each velocity of the hybrid model subject
to the mass balance equations and to a subset of kinetic constraints
(i.e., those that are modeled via the power-law formalism in the
hybrid model). These calculations allow identifying the boundary
values for each velocity that are compatible with all the constraints.
With the information obtained from these runs of the hybrid model,
we next determine the predictive parameter P, as follows:

P «UB _ «lB \ 2
v:UB _y
Pe= (i) e 7
‘ <(v;‘”3+v¢“3)/2) )

r=1

where v and v:UB are the upper and lower bounds for each
velocity, respectively, which are obtained from the correspond-
ing maximization and minimization sub-problems. A small value
of P. implies that the intervals within which the velocities fall are
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small, which indicates a high predictive capability.! Alarge P value
implies the converse (i.e., the confidence intervals for the velocities
are large, and therefore the predictive capabilities are poor). Note
that, in the limit, when the model is fully constrained (i.e., kinetic
model), the solution is in general unique and the value of P, is 0.

One key point in our approach concerns the manner in which
we select the velocities that will be modeled through kinetic equa-
tions. As will be discussed later, this issue has a large impact on the
predictive capabilities of the hybrid model. We will deal with this
aspect of the approach in more detail in Section 5.

5. Case study

We illustrate the capabilities of our approach through its appli-
cation to a FBA model defined for S. cerevisie (Fig. 1, model
parameters are available in Vilaprinyo et al., 2006). The hybrid mod-
els were all implemented in GAMS and solved with CPLEX 12.3.0.0
(master subproblems) and CONOPT 3.15A (slave subproblems) on
an AMD Athlon Il 2.99 GHz computer.

We start with the basic FBA model and then solve a set of hybrid
models of different size in each of which we model with kinetic
power-law equations only a subset of the reactions. Following this
approach, we solve a total of 511 models, 9 hybrid models where
only one single reaction is modeled via the power-law formalism,
36 hybrid models with two power-law kinetic equations, and so
on, until we reach the fully kinetic model in which all the reac-
tions are modeled with power-law equations (i.e., a GMA kinetic
model). Each hybrid model is run 18 times, 9 to maximize the single
velocities and 9 to minimize them. In total, we thus solve 9216 non-
convex NLPs. Recall that each of these models is globally optimized
using our customized outer-approximation algorithm.

The results of the aforementioned runs are depicted in
Figs. 3 and 4 and Table 1. Fig. 3 is a box plot showing the P. val-
ues for a given number of kinetic equations (|VKc|). Note that due
to the combinatorial nature of the problem, the number of hybrid
models varies according to the number of velocities modeled via
the power-law formalism.

As expected, the value of P; decreases on average as we increase
the number of power-law equations embedded in the model,
yet this tendency does not hold always (i.e., models with more
kinetic equations do not necessarily lead to better P. values). As
an example, the best model with a single kinetic equation yields
a P.=25.55, outperforming half of the models containing 4 kinetic
equations (VK| =4), and even some models with 8 power-law equa-
tions (|VK|=8). Thus, for a given number of kinetic equations, it
is clear that there are some combinations that provide much bet-
ter results than others. This is clearly the case even when many
equations are considered.

To further investigate this issue, we compare the models with
better performance for every given number of kinetic equations
(Table 1). As observed, the performance of the best hybrid model
for a given number of kinetic equations increases with the number
of velocities modeled via the GMA formalism.

In Fig. 4 we analyze the intervals calculated for each velocity
in the best hybrid model for each case. As shown, as we add more
kinetic constrains, the intervals shrink. The basal solution (red line)
has also been depicted in the figure for comparison purposes. Note
that, given a solution, if there is at least one velocity outside the
feasible range, then the solution is guaranteed to be unfeasible. Con-
versely, if the value of a velocity lies within the lower and upper

1 Remarks: the proposed model will provide accurate predictions if and only if the
kinetic expressions employed are indeed a good representation of the real system,
and if the model is noise free. Otherwise there is no guarantee that real experimental
observations will be contained by the intervals predicted by the model.

35r -

30

15

Fig.5. Box plot of P, for the different cases in which a given velocity is being modeled
by a power-law kinetic equation.

bounds predicted in silico, then the associated solution will only
be feasible if and only if the remaining velocities also lie within
their corresponding bounds. Ideally, all the experimental veloci-
ties should fall within the predicted intervals provided the model
contains the most relevant metabolic reactions.

Models A and | are the extreme cases. Model A corresponds to
a standard FBA model, in which the difference between the upper
and lower bound is significantly large for all the velocities (Fig. 4).
On the other extreme, we find the full kinetic model J, in which all
the velocities are described with power-law equations (i.e., the cor-
responding GMA model). Model ] is therefore fully determined, as
it features the same number of equations and constraints. Hence, as
long as the kinetic information used to build the model is accurate,
it will show the best possible predictive capabilities. Note that due
to the non-convex nature of the equations, the full kinetic model
might contain more than one feasible solution. In practice, how-
ever, we found this situation quite unlikely, so when we maximize
and minimize the velocities we obtain a single point satisfying the
mass balance and kinetic equations. Hence, the full kinetic model
identifies always the same basal state solution regardless of the
kind of optimization (i.e., minimization or maximization) carried
out.

Between the two extreme cases, we find intermediate hybrid
models yielding predictions of different quality. Note that 7 kinetic
expressions (out of 9) suffice to produce the same results as the full
GMA model (see subcases H and ]). Subcase I containing 8 kinetic
expressions produces as well the same results as the full kinetic
model. These results suggest that the selection of key velocities
to be modeled with kinetic expressions is crucial for generating
high-quality results. For instance, by inspecting Table 1, it can
be seen that, as |VK¢| increases, successful cases are mainly built
upon adding a new kinetic equation to those in the previous case
(JVK¢| — 1). In other words, most of the cases satisfy the following
condition: velocities included in the best model containing |VK,|
kinetic equations, appear also in the best model containing |VK;| + 1
kinetics.

In order to further inspect this tendency, we compute the box
plot of P for all the cases modeling the same velocity v, and regard-
less of whether the remaining velocities are modeled with kinetic
equations or not, that is, we show the performance of all the mod-
els modeling vr € VK, (see Fig. 5). For instance, the box above HXT,
corresponds to all the hybrid models in which a kinetic equation is
included for vyxr.

The figure shows that models including the kinetics of vyxr
have the best predicting capabilities on average. Remarkably, this
is the velocity identified in case A, when only a single velocity was
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Table 1

Subset of velocities for which kinetic constraints are included. “X” means that there is a power-law kinetic equation for this velocity, while a blank space implies the converse.
We show only the best hybrid model (the one yielding the lowest P, value) for each case being studied.

Subcase Pc IVK:| VHXT 2o VpFK

UTDH Upyk Urps+GLY VG6PDH VeoL VATPase

36.00
25.55
20.25
15.46
11.53

7.16

2.53

——TommgnNw>
OOV WN = O
RKOX X XK XK X X X X
XXX XK XK X X

XXX X
XXX X X
XXX X X X X X
XXX X X
XXX

selected, and also appears in the remaining cases of Table 1 (that is,
in the best combination of velocities for any given |VK;|). A possible
explanation for this is that this velocity models the input flow to
the network which acts as a rate limiting step (i.e., limiting its value
is equivalent to limiting the remaining fluxes).

Apart from vyxr, there are two velocities yielding significantly
better results than the rest: vprx and vggppy. Again, this result is
consistent with what is shown in Table 1, since vggppy is selected
in all the cases with |VK.|>1, and vpg is selected in all the cases
with |VK¢| > 2. We argue that the reason why these are the next two
processes to be included in the model lies in the fact that fixing their
values contributes to reduce the degrees of freedom of the network
to a large extent. Recall that if the network was completely linear,
limiting the input flow (which is something the model already does
by including the power-law equation for vyxr) would be enough to
limit the remaining fluxes of the network. Since this pathway is not
linear (i.e., it contains branching points), this condition does not
suffice, and additional limits for fluxes at branching points must be
included. In this particular case, the best results are achieved by
adding kinetic equations for vprg and vggppy, Which are two of the
three fluxes depleting glucose-6-P (i.e., in a branching point of the
network). Note that the input flow to this branching point (vgx) is
also limited once vyxr is, since at steady state vyxt = Vg . Hence, by
imposing additional limits on vpgg and vggppy We further reduce the
degrees of freedom of the network.

6. Conclusions

This work explored the use of hybrid kinetic/FBA models as
a manner to enhance the quality of standalone FBA models of
metabolic networks. This is accomplished by tightening the search
space via addition of kinetic constraints (i.e., power-law equations).
This approach leads to non-convex problems that can be solved by
means of global optimization techniques.

The capabilities of the proposed approach were illustrated using
a FBA model of S. cerevisiae. Results show that the predictive capa-
bilities of the standalone FBA model can be greatly improved by
adding kinetic data. In building hybrid models, we need to assess
the inherent trade-off between model complexity and accuracy.
Our method constitutes a promising alternative for genome-wide
metabolic networks for which it is hard to acquire the information
required by a complete kinetic model, but for which some kinetic
constraints can actually be derived from existing data.

Our approach can solve successfully kinetic models of small and
medium size involving up to 30 metabolites and 60 reactions. The
computational burden of the method presented, however, might
grow rapidly with the size of the metabolic network. The main
advantage of the hybrid approach is that it allows defining hybrid
models with different levels of complexity depending on the num-
ber of velocities that are modeled via kinetic equations.

Future work will focus on developing smart strategies to
select key velocities whose kinetic modeling results in improved
predictions at the expense of a marginal increase in complexity.
Our final goal is to generate a reliable representation of the system
while keeping it in a manageable size in terms of kinetic complex-
ity. Results suggest that the most promising candidates are those
idenpendent velocities representing key degrees of freedom of the
network, mainly the input flow and reactions at branching points.
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Appendix A. MINLP formulation for metabolic engineering
applications

In metabolic engineering, one seeks the enzymatic profile (opti-
mal phenotype) that maximizes the production rate of a given
metabolite. We can modify the standard metabolic model to reflect
this situation by rewriting the enzyme activity in Eq.(4) as a product
of the basal enzyme activity y, and its fold-change K;:

n+m
v = ererjfrj v e VK (8)
j=1

Solutions involving a large number of genetic manipulations
might be impractical, so the model needs to acknowledge whether
a specific enzyme is modified or not. To this end, we define the
following disjunction:

le Yr2 Yr3
\ \

KB <K <1-5 1-8<K <146 148 <K <K/B

riv e VK 9)

Here § is a sufficiently small parameter, K;.8 and K,UB are lower
and upper bounds on the modulation level of the activity of the
enzyme controlling process r, and Y; is a Boolean variable that is
true if the associated term of the disjunction is satisfied and false
otherwise. This disjunction can be reformulated into equations by
means of the Big-M or the convex hull reformulations (Vecchietti
et al., 2003). In particular, the Big-M formulation is as follows:

K—(1-8)<M(-yr) r:veVK (10)
1-0-K <M1 -yp) r:v,eVK (11)
Ki—(1+8) <M1 —yn) r:veVK (12)
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1+6-K <M(1-y3) r:v,eVK (13)
K <K <KYB r:v,eVK (14)
Yr+¥ntym=1 riveVKk (15)

Whereas the convex hull encompasses the following equations:

Kr=key + ko + k3 T:1vr € VK (16)
KBy, <k <(1=8)y;1 r:vreVK (17)
(1-8)yr<ko<(1+8yn r:veeVK (18)
(148)yr3 <ks3 <KBy,3 r:v, VK (19)
Y4V +ys=1 riveVK (20)

The above equations require the definition of binary variable yr,
which takes a value of 1 if the associated term of the disjunction
holds true and zero otherwise.

Enzymes controlling fluxes for which no kinetic equation is
defined are also susceptible of being either over-expressed or
down-regulated. This is accounted for in the model using variable
vr, which will show a higher or lower value when compared to
the basal state according to whether the corresponding enzyme is
over-expressed or inhibited, respectively. In order to account for
this effect, we must consider the following disjunction:

Y Yi2 Yr3
v v
VB <v <P —§ WS S <y <1 4§ v 4§ < <8

riv ¢ VK (21)

where ;2% is the value of velocity v, in the basal state. We can
transform this disjunction into equations by means of either the
BigM or convex hull reformulation, with the former leading to the
following equations:

v — (% —8) <M1 —y;1) v VK (22)
VS — 8 —vr <M(1—ypp) 1:vr ¢ VK (23)
v — (WS +8) <M1 —yr3) 1ivr ¢ VK (24)
VS 48— v <M(1—yr3) T:vr ¢ VK (25)
VB <v <¥B riu ¢ VK (26)

Yri+Y+ys=1 riv ¢ VK (27)

and the later to the following ones:

U=V 4Va+t3 rivréVK (28)
By <vp (8% —8)y riur VK (29)
(0% = 8)yra < vrp < (VIS +8)yn T v ¢ VK (30)
(V2% + 8)yr3 <vr3 <v¥Byrs v fVK (31)
Vi +Yra+y3=1 r:v ¢ VK (32)

Note that Egs. (20) and (32) are indeed the same equation,
but defined over complementary sets. Therefore, we only need to
include one of them in the model and define it over the complete
set of velocities, that is, r=1,...,p.

Finally, the binary variable y; is used to impose an upper limit ME
on the number of enzymes that can be modified simultaneously:

S v+ > v =ME (33)

riwreVK rivreVK

The resulting non-convex MINLP embedding a stoichiomet-
ric-kinetic hybrid model for metabolic engineering applications is
as follows:
min f
st. S-v=0

n+m
w=n ][
j=1
Kr = ke + k2 + ki3

B r:vreVK
KrPyr <kr1 < (1 -8)yn

(1=8)yr2 <krp <(148)yr2

(1+8)yr3 <ks3 < KrUBYr3

Vr =Vr1 + VU2 + VU3 oY
By < vy < (02 = )y

riuv ¢ VK
(U?as — 82 <V < (1/,@“S +8)yr2

(V2% + 8)yr3 < vz < vByp3
Yri+Yyr2+ym=1

ULB <v< UUB
XLB <X SXLB
v, v1, V2, 13X, K, k1, ka, k3 € Rt

This model can be efficiently solved via the tailored outer
approximation-based algorithm developed by the authors in a pre-
vious work (Pozo et al., 2010).

Appendix B. Supplementary data

Supplementary data associated with this article can be found,
in the online version, at http://dx.doi.org/10.1016/j.compchemeng.
2014.06.011.
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